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Abstract. We investigate the average of the number of represen- 
tations of an integral binary quadratic form of fixed discriminant 
—d by certain integral quaternary quadratic forms. We also find 
an estimate on the number of binary forms of fixed discriminant 
— d which are represented by the given quaternary form. 



1. Introduction. 

If A is an integral positive definite symmetric (m x m) matrix one calls 
a solution X 6 M(m x n, Z) of the system of quadratic equations of 
the form 

Q A (X) = l XAX = T 

where T is another (half-) integral symmetric matrix of size n < m 
an (integral) representation of T by S. It is well known that the local 
global principle of Minkowski and Hasse is not valid for integral repre- 
sentations, but if m is large enough compared to n one can prove that 
a positive definite T which is represented by S over all Z p and is large 
enough in a suitable sense is indeed represented by S over the ratio- 
nal integers Z, at least under some mild additional conditions. The 
bound on the size of m necessary for this has recently been pushed 
down to m > n + 3, again under suitable additional conditions, in [5], 
see also [10] for an attempt to optimize those additional conditions. 
The case m = n + 2 brings some limitations due to the existence of 
the so called spinor exceptions (see [HE]), taking these into account 
a result of the desired type could be reached in [I] for n = l,m = 3, 
i. e. for representations of sufficiently large numbers by ternary forms. 
The case of m = n + 2 appeared to be rather intractable for n > 2 
until recently, when Einsiedler, Lindenstrauss, Michel, and Venkatesh 
obtained a result for a certain subset of T by adapting Linnik's er- 
godic method, which was invented to deal with the ternary case, to the 
problem of representation of binary forms by quaternary forms. They 
also obtained a result on representation of T "on average" under the 
assumption of the so called Linnik condition. 

A similar, but somewhat different average result follows, at least for 
S related to orders of square free level in quaternion algebras, almost 
immediately from a result of Bocherer and the author from [2] , without 
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assuming the Linnik condition mentioned, however, at the time when 
[2] was published there seemed to be little interest in such average 
results. The purpose of this note is to take the occasion to show how 
this can be done. In this first version we restrict to the above mentioned 
class of S. It is likely that the argument can be extended to other S, 
if so, this will be done in a second version which then will replace 
this version. In the final section we discuss some speculations about 
estimates for averages of Fourier coefficients of Siegel modular forms 
that are related to the results obtained here. 

I heard of the results of Einsiedler, Lindenstrauss, Michel, and Venkatesh 
in the talk of Michel at the International Colloquium on Automorphic 
Representations and L-functions 2012 at the Tata Institute of Fun- 
damental Research, Mumbai, where this note was also written during 
a stay following that colloquium. I thank the institute, in particular 
Dipendra Prasad, for its resp. his hospitality. 

2. Lattices in quaternion algebras 

Let D be a quaternion algebra over Q which is ramified at infinity 
and at the primes dividing the square free integer N\ (which then has 
an odd number of prime factors) and isomorphic to the ring of 2 x 2 
matrices at the other primes. We denote by n the reduced norm and 
by tr the reduced trace and view D as a quadratic space with quadratic 
form n and associated symmetric bilinear form b(x,y) = tr(xy), where 
y i — y y is the usual involution (quaternionic conjugation) on D. Let R 
be an Eichler order of square free level N = NiN%, i.e., R p := R® Z p is 
isomorphic (in fact conjugate) to the ring of matrices of the form ( p \ * J 
where * indicates an element of Z p for all primes dividing A^, and R p 
is a maximal order in D p := D £g> Q p at the other primes. It is well 
known that the adelization has a finite double coset decomposition 
= \J^ =1 DqyjR^ where the adeles yj have trivial infinity component 
and are of norm 1 at all places. The i?-ideals Ij := R{yj)~ 1 are then 
a set of representatives of the classes of left R ideals modulo principal 
ideals (on the right) whose left order is equal to R, and more generally 
the Ijj = yiRii/j) -1 represent the classes of ideals with left order Ri := 
yiR(yi)~ l and right order Rj. It is well known that if we let Ni, N 2 vary 
over all decompositions N = NiN 2 oi N where N\ has an odd number 
of prime factors, the quadratic lattices (J^, n) run through all isometry 
classes of integral quaternary quadratic lattices of discriminant N 2 and 
level N, with possible multiple appearances of isometry classes. For any 
fixed decomposition all the lattices arising in this way form a genus of 
quadratic lattices consisting of a single spinor genus. 
We further denote for s \ N by the lattice obtained as fl Z[^], 
where # indicates taking the dual lattice, and by I*- s the same lattice 
with the quadratic forms scaled by the factor s. We notice that this last 
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lattice in the same genus as the and is hence isometric to some ijy. 
We call the I*- s the rescaled partial duals of 2y and write rpd(I;j,N') 
for the set of all I*f with s I N' where N' is some fixed divisor of N. 
For a positive definite matrix T = (tki)k,i=i..2 G M sym (2,Z) we write 

rfeT) :=|{(x,») «= /« | ^)=r}l 

for the number of representations of T by the quadratic lattice (iy , n) 
and r*(Iij, T) for the number of primitive representations, i.e., represen- 
tations (x, i/) where Zx + Zy is a direct (but not necessarily orthogonal) 
summand of I, Z- module. 

We write 

Li := {x G Z ■ 1 + 2Ri | tr(x) = 0} 
and r(Li,t) = \{x G | n(xj) = £}| for a positive integer i. The 
quadratic lattice (Lj,n) has level AN and discriminant 32N 2 . It is 
easily checked that for a fixed decomposition N = NiN 2 all the Lj are 
in the same genus of quadratic lattices and that this genus contains 
only one spinor genus. 

3. Averages of representation numbers 
With notations as above we write 



r(Iij,d) = 



e(T) 



where the sum is over a set of iSX2(Z)-equivalence classes of integral 
symmetric matrices T = ( 2 6 a 2 6 c ) of (signed) discriminant b 2 — 4ac = 
— d and where e(T) denotes the number of proper automorphisms (or 
units) of T, i. e. the number of U G SL^Z) with t UTU = T. The 
primitive average r*(Iij, d) is defined analogously by using the primitive 
representation numbers r*(Jy,T). 
We want to use Theorem 2.1 from [2] which gives: 

If —d is a discriminant and := gcd ^ one has 

( 3A ) E E r W' ^) = r ( L - °0 r (^ <*)■ 

s| Afjj m 2 \d 

If iV is prime this simplifies to 
(3.2) ^2rVa^) = \r(L ii d)r{L ji d). 

m 2 \d 

In particular, if in addition —d is fundamental the sum 
over m 2 \ d can be omitted in both formulas. 
As an easy consequence we obtain: 

Theorem 1. Let e > 0. Then there are constants = Ci(e,N) for 
% — 1,2 such that: 
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a) If N is prime one has r(Iij, d) > C20I 1 e for all d > C\ which are 
represented primitively over all Z p by Li (and hence by all the 



b) If TV is composite and N' \ N a fixed divisor of N, one has 
r(rpd(I ij ,N / ),d) > C 2 d 1 - e for all d>C x with N d = N 1 which are 
represented primitively over all Z p by L\ (and hence by all the 
Li). Here we write r(rpd(Iij, N'), d) = 5^ S | N , r(I*j' s , d) . 

// one restricts here to d for which —d is fundamental the local condition 
is satisfied if and only if p is not split in Q(\/—d) for all p \ N\ and is 
not inert in this quadratic extension for all p | N 2 . 

Proof. The easiest case is — d fundamental, in which case the assertion 
is a direct consequence of the formula (13. 2p if N is prime resp. ( 13. ip 
if TV is composite from [2] quoted above and the result of [I] giving 
an asymptotic formula for the representation numbers of ternary qua- 
dratic forms (the possible obstruction by spinor exceptions plays no 
role here since the L t are in a genus consisting of one spinor genus). 
If — d is not fundamental we use the asymptotic formula for primitive 
representations of ternary lattices (by assumption d is locally every- 
where primitively representable by L i} Lj), which gives the same rate 
of growth, and recall that the proof of Theorem 2.1 of [2] associates 
to a pair (up to sign) of primitive vectors of length d in resp. Lj 
a primitive representation of a binary matrix T counted in the left 
hand side of equation (13.21) in the case that TV is prime, and a pair 
of primitive representations of a binary matrix T by two (different) 
lattices I*- s counted in the left hand side of equation (l3.1l) . so that the 
term r*(rpd(Iy, N'), d) < r(rpd(Iy, N'), d) in the sum for r(Lj, d)r(Lj, d) 
above satisfies the required estimate. □ 

Remark. The appearance of the set of all rescaled partial duals I*- s 
with s I N' of Iij for the d not divisible by N (and with = N' ) 
in the case of composite N is somewhat unsatisfactory. The number 
of lattices involved is obviously 2^ N \ but the set of distinct isometry 
classes of these lattices may be smaller. The argument from [2] would 
allow to replace representations of T by I*- s by representations of sT 
by Uj itself, if one likes that better. 

4. Average asymptotic formula and applications 
We restrict attention now to fundamental discriminants — d. 
Proposition 2. Let —d be a fundamental discriminant and = 



Li). 



N 



Then we have: 



gcd(V,d) ■ 
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Proof. It is easily seen that Siegel's weighted average r(gen(R),T) of 
the numbers of representations of T by the classes of quadratic lattices 
in the genus of (R,n) (i.e., in the genus consisting of the 2y) is inde- 
pendent of T, in particular it has the same value for T in all genera of 
binary quadratic forms of discriminant —d. Upon summation over the 
s with weights — , where e, is the number of units of the order R4, 
the assertion is then seen to be a direct consequence of equation (13. ip . 
Of course, the assertion could also be established by a direct computa- 
tion of local densities. □ 

From [3] we have 

(4.2) r(Li, d)r(Lj, d) = (r(gen(L u d))f + 0(d 1+e -^), 

where we used the best currently known estimate for the error term in 
the asymptotic formula for r(L i; d), see [I]. Putting this together with 
the proposition and equation (13. ip we obtain 

Theorem 3 (Average asymptotic formula). Let N' \ N be fixed and let 
—d run over fundamental discriminants with — N' . Then we have 
for all e > 

r(rpd(I y ,N'),d) = (Kgen^), d)) 2 + 0(d 1+ ^) 

(4.3) = /i(-rf) ( To(iV d )r(gen(R),T) + 0(d 1+e -^), 

where T is the matrix of any integral binary quadratic form of discrim- 
inant —d. 

If N is prime we have the better result (independent ofgcd(N,d)) 

(4.4) rfe, d) = h(-d)r (gen(R), T) + 0(d 1+e ^). 

In order to obtain from this a result about representations of individ- 
ual forms T we denote by fi(R) the mass of the genus of the quadratic 
lattice R and by o max (i?) the maximal order of the group of automor- 
phisms of a lattice in the genus of R. With this notation we have: 

Theorem 4. Let N' be a fixed divisor of N and let —d run through 
fundamental discriminants with Nd = N' such that d is represented 
over all Z p by the lattices in the genus of the Li ( equivalently, binary 
quadratic forms of discriminant —d are represented over all 7L V by the 
Iij). Then for all k < 1 there is a constant C3 such that for all d > C3 
as above the number v of binary quadratic forms T of discriminant —d 
with r(rpd(Iij, N'), T) 7^ satisfies 

^ a (N d )h(-d) 

"max 

(RY 

In particular, for d large enough a positive proportion of the classes of 
binary quadratic forms of discriminant —d is represented by at least 
one among the rescaled partial dual lattices of 2y comprising the set 
rpd(Iy,N d ). 
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If N is prime we let v' denote the number ofT as above represented by 
Iij itself get 

h(-d) 

/i(/?)o max (i?) 

for sufficiently large d and conclude that for d large enough a positive 
proportion of the classes of binary quadratic forms of discriminant —d 
is represented by Jy itself. 

Proof. From Siegel's mass formula we see that we must have 

(4.5) r(rpd(Iij , N d ) , T) < o max (R)/i(R)r (gen(R) , T) , 

since all terms in the weighted sum for r(gen(R),T) are non negative. 
Summing over the T of discriminant — d and taking into account the 
asymptotic formulas from Theorem [3] we obtain the assertion (we use 
the asymptotic formula to conclude that the sum of the main term and 
the error term is for k < 1 and sufficiently large d at least as large as 
k times the main term). □ 

Remark. a) The "sufficiently large" in the theorem is not effective 
since our use of the asymptotic formula relies on the fact that 
h(—d) is at least of the order of d" e for all e > 0, which estimate 
is well known to be ineffective. 

b) Our method appears not to be suitable to guarantee the existence 
of T which is represented by 1^ and lies in a given small ( say of 
size d s ) subset of the class group. 

c) If the number of represented forms T is as small as it can be 
the representation number r(Iij,T) (or r(rpd(Iy, N'), T) has to 
be rather large, i. e. of the order of magnitude of the number 
r(gen(R),T) from Siegel's mass formula (in fact, even larger). 

d) In contrast to most other results about representation of quadratic 
forms of rank > 1 by quadratic forms our result does not at 
all involve the minimum of the binary quadratic form T to be 
represented, at least not explicitly. 

5. Speculations 

The results from [2] quoted above where used there to compute averages 
of Fourier coefficients of special Siegel modular forms of degree 2, the 
Yoshida liftings. These averages appear there as the coefficients in 
the Dirichlet series of Koecher and Maafi associated to such a Siegel 
modular form. An immediate consequence is the following: 

(2) 

Proposition 5. Let F e (Tq(N)) be the Yoshida lifting of a pair 
fi 1/2 of primitive cuspidal elliptic Hecke eigenforms of weights k\ = 
2, &2 = 2k — 2 and level N and denote by 
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the d—th coefficient of its Koecher-Maafi series, where a(F, T) is the T- 
th Fourier coefficient of F , the sum is over a set of SX 2 (Z)- equivalence 
classes of integral symmetric matrices T = ( 2 fe a 2 M of (signed) discrim- 
inant b 2 — 4ac = —d, and where e(T) denotes the number of proper 
automorphisms (or units) of T . 

Then for any e > there is a constant C such that one has for all d 

(5.1) a{F,d) < Cd k ^ +e . 

If above we replace the cusp form f\ by the (appropriate) Eisenstein 
series of weight 2 and level N we obtain 

(5.2) a{F, d) < Cd^ +e . 

Remark. • // one assumes the generalized Ramanujan conjecture 
for cusp forms of half integral weight in the complement of the 
one-dimensional theta series the exponents above would improve 
to | — | + e in the first case and to ~ — \ + e in the second case 
above. 

• In the second case above the form F is in the space of Maafi or 
Saito-Kurokawa lifts, so that its Fourier coefficient at T depends 
only on the determinant of T and the summation over T just 
multiplies the individual coefficient by the number of classes ofT 
of determinant d. 

• Similar estimates can be obtained for vector valued Yoshida lift- 
ings associated to a pair of elliptic cusp forms k\,k2 with k\ > 
2,k2 > 2, using the results of |3J. // such a vector valued lift- 
ing has transformation type Sym 7 eg) det fc we obtain an exponent 

— 25 + e at d with 5 = ^ unconditionally and S = | under 
the assumption of the generalized Ramanujan conjecture for cusp 
forms of half integral weight > | 

• A well known conjecture of Bocherer relates a(F, d) to the square 
of the central critical value of the twist by \d of the spin L- 
f unction of F . If we assume this conjecture and a subconvexity 
bound for this L-value (with respect to the conductor d of the 
character) we get bounds for a(F, d) of the above type; if we as- 
sume Bocherer's conjecture and the Lindeldf hypothesis (again 
with respect to d) for this L-value we get the version given in 
a) which assumes the generalized Ramanujan conjecture for cusp 
forms of half integral weight. In the special case of the Yoshida 
liftings both Bocherer's conjecture and the required subconvexity 
estimate are known. 

• In [S] the Fourier coefficient at T with det(T) = d of a cusp 
form of weight k and degree 2 for the full Siegel modular group 

k 13 

is estimated to be 0(d~2~36 +t . If we multiply this estimate by the 
number of integral equivalence classes of T of determinant d we 
obtain an exponent of | + Jr + e. The conjecture of Resnikoff and 
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Saldana [9J would give an exponent of | — § + e for the individ- 
ual Fourier coefficient and hence an exponent of \ — \ + e for the 
sum a(F, d), which bound should be compared with the conjectural 
bound | — i + e obtained above for Yoshida liftings outside the 
Maafi space under the assumption of the generalized Ramanu- 
jan conjecture for ( good ) cusp forms of half integral weight, or 
for general cusp forms orthogonal to the Maafi space under the 
assumption of Bocherer's conjecture and the Lindeldf conjecture 
for the twisted spin L-function. If we consider only forms in the 
complement of the Maafi space we see hence that our result for 
Yoshida liftings gives results for the averaged coefficient a(F, d) 
that are significantly better than those obtained by multiplying the 
estimate for the individual Fourier coefficient by the number of 
summands. 

We might summarize the statements of the remark above in the spec- 
ulation that an estimate of the type 

(5.3) a(F,d) < Cd^- 5+e 

with some 5 > could be true and perhaps provable for a general 
Siegel modular cusp form of degree 2, including as in part c) of the 
above remark the vector valued case. We might also speculate that 
similar estimates may hold for averaged Fourier coefficients of higher 
degree Siegel cusp forms. This problem will be the subject of future 
work. 
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